In the presence of an intensive laser field the radiative recombination of the continuum electron into an atomic bound state generally is accompanied by absorption or emission of several laser quanta. The spectrum of emitted photons represents an equidistant pattern with the spacing equal to the laser frequency. The distribution of intensities in this spectrum is studied employing the Keldysh-type approximation, i.e. neglecting interaction of the impact electron with the atomic core in the initial continuum state. Within the adiabatic approximation the scale of emitted photon frequencies is subdivided into classically allowed and classically forbidden domains. The highest intensities correspond to emission frequencies close to the edges of classically allowed domain. The total cross section of electron recombination summed over all emitted photon channels exhibits negligible dependence on the laser field intensity.
I. INTRODUCTION
It is well known that the laser plasma emits photons with frequencies which are different from the frequency of the incident laser beam. For a number of applications an emission of high energy photons is the most interesting phenomenon. The known mechanisms which can be responsible for the high energy photo-production could be identified as the following three ones: the high harmonic generation, laser stimulated bremsstrahlung and laser assisted recombination. These processes differ by the initial and final states of the active electron. In the harmonic generation the initial state electron occupies a (laser-dressed) atomic bound state, usually it is the ground atomic state. In the final state of this reaction the electron can occupy either the same bound state, or some excited or even ionized state. The laser stimulated bremsstrahlung is a free-free transition during which the electron is scattered by an atom in the laser field. During the scattering the electron emits a high-energy quantum. In the laser assisted recombination (LAR) the electron starts in the laser-dressed continuum, but ends up in the bound state. The process of harmonic generation is currently studied very actively with important advancements both in theory and experiment (for reviews see Refs. [1, 2] ). The laser stimulated bremsstrahlung plays the very important role in plasma physics, see recent experimental [3, 4] and theoretical [5, 6] works.
The subject of the present study is the LAR process. As far as we know, it has not yet received a proper attention in the literature, although its importance for kinetics of laser plasma and its emission spectrum was indicated before [7] . From the point of view of the high-energy photo-production the LAR possesses an advantage over the stimulated bremsstrahlung because in LAR the electron impact energy is totally transferred to the high energy quanta.
The conventional (laser-field free) radiative recombination of the continuum electron to the bound state is a well studied process which is inverse to the photoionization. The frequency of the emitted photon is uniquely defined by the energy conservation law. When a similar process occurs in the presence of an intensive laser field the radiation spectrum becomes much more richer since the recombination may be accompanied by absorption or emission of laser quanta. Therefore the emitted photon spectrum represents a sequence of equidistant lines separated by the laser frequency ω. The recent review by Hahn [8] on the electron recombination mentions only one, very special version of LAR process, namely one-photon LAR when the laser is tuned in resonance with the energy of free-bound electron transition, and only emission of photons with this particular energy is considered. The study of this special case was initiated quite long ago [9] [10] [11] [12] [13] and remains active in connection with the processes in the storage rings [14] [15] [16] [17] [18] [19] [20] , formation of positronium [9] and antihydrogen [21] [22] [23] and even with possible cosmological manifestations [24] . In all these theoretical studies the laser field was presumed to be weak and its influence on an initial and/or final electron states was neglected, except Refs. [7, 23] which are commented below.
For production of high-energy photons it is very interesting to extend the mentioned above studies allowing for the multiphoton absorption during LAR. Obviously the multiphoton processes can happen with high probability only in a strong laser field. From this point of view there arises a necessary to fulfill a systematic study of LAR in a strong laser field in multiphoton regime. This paper makes a first step in this direction.
An additional, and rather unexpected inspiration for the present study arises from the fact that LAR comprises one of the steps in the three-step quantum scheme of high harmonic generation. This scheme has recently been firmly established, see Ref. [25] and bibliography therein. The major statement of [25] is that the high harmonic generation can be described as the multiphoton ionization of an atomic electron which is followed by the LAR of this electron with the parent atomic particle. From this point of view the LAR plays a role of 'a part' of the problem of the high harmonic generation, which is important not only for the dense laser plasma, but also for photo-production from individual atoms in strong laser fields, where the harmonic generation is the major source for high energy photons. The present study is devoted mostly to the patterns of intensities in the emitted photon spectrum depending on the laser field strength. We comment also on the influence of laser field on the total recombination cross section. Here, as well as in other applications, the laser field is intensive and LAR proceeds in substantially multiphoton regime.
Consider an electron in the laser-dressed continuum state Φ p (t) with the translational momentum p. Its recombination to the bound state generally results in the emission of photons with the frequenciesΩ M defined from
where ε a is the quasienergy of the field-dressed bound state Φ a (t), F is the amplitude of the electric field strength in the laser wave, F 2 /(4ω 2 ) is the electron quiver energy in the laser field, M is an integer. Hereafter we use atomic system of units unless stated otherwise. In the zero-laser-field limit (F → 0) only emission of the photon with the frequency
is allowed with E a being the bound state energy. The presence of an intensive laser field makes possible multiphoton processes when laser quanta are absorbed from the field or transmitted to it, with the amplitude
where T = 2π/ω is the laser field period, and in the dipole momentum operatord ǫ the unit vector ǫ selects polarization of emitted radiation. The LAR cross section is
where c is the velocity of light. The cross section (1.4) refers to the process of spontaneous LAR, since it is presumed that incident electromagnetic field with the frequencyΩ M is absent. In case if such a probe field is present, generally it would be amplified in course of propagation through the medium containing free electrons. There is a number of theoretical works devoted to calculation of related gain in case of one-photon LAR. A recent paper by Zaretskii and Nersesov [7] explores the amplification in case of multiphoton LAR. Generally these studies imply some assumptions regarding the medium properties and result in the expressions for the rate of stimulated transitions via that of spontaneous transitions and some characteristics of laser beam and the experimental arrangement [10] [11] [12] 7] . The present paper provides analysis of spontaneous LAR whereas issues of radiation amplification are beyond its scope.
II. KELDYSH-TYPE APPROXIMATION
We develop the Keldysh-type approximation where the interaction of the continuum electron with the atomic core is neglected, i.e. the laser-dressed electron continuum state Φ p is approximated by the well-known Volkov state. The laser wave is assumed to be linear polarized with the electric field strength F(t) = F cos ωt. Explicit expression for the Volkov functions is conveniently cast as
where the factor χ p (r, t) is time-periodic with the period T ,
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For the final bound state the field-free expression is employed
where H a is the effective atomic Hamiltonian in the single active electron approximation. The final bound state (2.6) is always available if electron collides with a positive ion. In case of collision with a neutral atom we assume existence of a stable negative ion. By substituting formulae (2.1)-(2.6) into (1.3) one can see that the integrand is a periodic function of time provided the emitted photon frequencyΩ M satisfies (1.1) with integer M and ε a substituted by E a . The lowest possible frequency of the emitted photon is ηω, where
with Ent(x) being an integer part of x (0 ≤ η < 1). In the subsequent development we redefine labeling of emitted photon channels and instead ofΩ M (1.1) employ the notation
The new label m differs from the old one M by an additive integer. We find the labeling by m more convenient since it is rigidly related to the low-frequency edge of the emitted photon spectrum: m = 0 corresponds to the lowest photon frequency ηω. By using the Fourier transformation formula (1.3) is rewritten as
where S(t) is the classical action
The functionφ
whereφ a (q) is the Fourier transform of the bound state wave function φ a (r):
For the bound state wave function we use an asymptotic expression
where κ = 2|E a |, ν = Z/κ, Z is the charge of the atomic residual core (ν = Z = 0 for a negative ion), l is the active electron orbital momentum in the initial state andr is the unit vector. The coefficients A a are tabulated for many negative ions [26] . The Fourier transform ϕ a (q) (2.13) is singular at q 2 = κ 2 with the asymptotic behavior for q → ±iκ defined by the long-range asymptote (2.14) in the coordinate spacẽ 15) where (±1) l corresponds to q → ±iκ. In particular, for a negative ion (ν = 0) with the active electron in an s state (l = 0) we have from (2.15)
(q ≡ q/q is unit vector).
III. ADIABATIC APPROACH TO STIMULATED RECOMBINATION
The time integral in (2.10) can be evaluated using the saddle point method. This amounts to the adiabatic approximation when the phase (m + η)ωt − S(t) in (2.10) is assumed to be large. The position of saddle points in the complex t-plane is governed by equation
or, more explicitly,
It is convenient to single out in the electron momentum vector p = p + p ⊥ components parallel (p ) and perpendicular (p ⊥ ) to the electric field vector F. Then Eq.(3.2) is rewritten as
For each value of m this equation has a number of solutions t mµ distinguished by the extra subscripts µ. In the saddle point approximation the time integration in formula (1.3) is cast as
where summation is to be taken over the saddle points t mµ operative in the contour integration k tmµ = (F/ω) sin ωt mµ ). The saddle points are found from Eq.(3.3) as
The subscript µ labels solutions differing by the choice of the sign in (3.5) and sign in cos ωt m µ = ± 1 − sin 2 ωt mµ . There are four solutions per the laser field cycle (i.e for 0 ≤ Re t mµ < T ).
In order to elucidate the meaning of the saddle point equation (3.3) we rewrite it as
It shows that the photons are preferentially emitted at the moment of time when instantaneous continuum electron energy E p (t) (2.4) is separated from the bound state energy E a by the energy of the emitted photon (m + η)ω. The LAR process is most effective when this occurs at some real moment of time, i.e. the saddle points t mµ are real-valued. This regime corresponds to the classically allowed radiation. It can happen only for some part of the emitted photon spectrum, i.e. only in some domain of m. Outside it, when t mµ possesses an imaginary part, the emission is strongly suppressed. Remarkably, within the classically allowed domain the intensity of emitted lines could vary very significantly as detailed below.
The necessary condition of classically allowed radiation,
makes real the right hand side of formula (3.5). Details of classically allowed emission depend on the relation between the electron translational momentum component p and the momentum F/ω acquired by the electron in its quiver motion in the laser field. In the fast electron regime, p > F/ω, the term 1 2 (p + k t ) 2 never passes zero as time t varies. As a result, the saddle point equation (3.2) has two or zero real-valued solutions per field cycle (in the classically allowed and forbidden domains respectively, see Fig. 1a ). In the slow electron case, p < F/ω, the
2 passes via zero. Due to this circumstance, as seen from Fig. 1b , for some interval of photon frequencies Ω m the equation (3.2) has four real-valued solutions whereas for higher Ω m only two solutions exist. Consequently, in this case the classically allowed domain is subdivided in two parts. The related LAR regimes are discussed below in more detail.
A. Fast electron regime: p > F/ω
Here one has to choose the upper sign in formula (3.5) in order to get a real-valued saddle point. The condition |sin ωt mµ | ≤ 1 is straightforwardly reduced to
In this photon frequency interval only one pair of real saddle points t mµ exists per field cycle, see 
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As could be anticipated, the function Ξ(m) has weak singularities at the boundaries of the classically allowed region. The extension of the classically allowed region on the photon frequency scale is 2p F/ω with its center located at Ω c = 1 2
. For vanishing laser field Ω c tends to the limit (1.2) and the classically allowed domain shrinks to the single line. The condition that a single line dominates in the photon spectrum could be formulated as 2p F/ω 2 ∼ 1. Fig. 2 illustrates evolution of the spectrum pattern with the laser intensity I. We consider electrons with the energy E el = 7 W/cm 2 ) the intensity of the principal line in the spectrum (m = 14) exceeds more than 50 times these of adjacent satellites. For I = 10 8 W/cm 2 this ratio is substantially smaller (∼ 5). When laser field is increased by an order of magnitude, the dip in the emitted photon spectrum appears at m = 15. This is the first manifestation of the oscillatory structure in the spectrum due to interference of two contributions in (3.4). For I = 10 10 W/cm 2 the structure becomes well manifested. At last, for I = 10 11 W/cm 2 the structure becomes well developed and extended. In the latter case, in fact, the situation is beyond the fast electron regime; it will be discussed in the next subsection.
The semiclassical formula (3.4) is applicable when the classically allowed domain is sufficiently broad on the frequency scale. Fig. 3 shows the photon spectrum in the well manifested semiclassical regime (E el = 10 eV, I = 10 11 W/cm 2 , p = 0.857, F/ω = 0.392). In the classically allowed domain (31 ≤ m ≤ 187) the quantities |C m (p)| 2 obtained by numerical evaluation of the integral (2.10) over time (circles) oscillate violently due to the interference effects. Outside this region |C m (p)| 2 decrease very rapidly. Note that the most efficient emission occurs at the edges of the classically allowed interval. This effect is completely analogous to enhancement of the probability density near the turning points for the quantum particle moving in the potential well. The envelope function (3.9) (solid curve) reproduces well this overall behavior. The saddle point approximation (3.4) allows us to reproduce well the oscillatory structure (squares in Fig. 3 ). Within the classically-allowed domain the summation in this formula runs over two real-valued saddle points t mµ . As m varies approaching the domain border, two saddle points lying at the real-t axis approach each other and eventually merge at the boundary. After that they separate again moving perpendicular to the real axis in the complex t-plane. The latter situation corresponds to the classically forbidden, or tunneling regime where only one saddle point is to be included in the summation over µ in (3.5) (namely, that which ensures exponential decrease of |C m (p)| 2 outside the classically-allowed domain). The transition between two regimes could be described by the Airy function. We do not pursue here the detailed description of this, rather standard situation. In particular, Fig. 3 , the results shown by squares in Fig. 3 are obtained using the plain semiclassical formula (3.4) with two or one saddle points included as discussed above; the deviations from the numerical results are seen to be essential only in a very narrow transitions region. Since the numerical evaluation of integral (2.10) over time is not difficult, we employ the adiabatic approach in order to obtain better insight into the pattern of emitted radiation spectrum, but not for producing an alternative method to evaluate the amplitudes.
B. Slow electron regime: p < F/ω
In this case the real-valued result for t mµ is provided by both upper and lower sign in the expression (3.5) . It is easy to see from Fig. 1b that the classically allowed region of photon frequencies is subdivided in two domains. The first of them, with one pair of realvalued saddle points t mµ , corresponds to Ω m lying in the interval (3.8). At smaller photon frequencies, another subdomain is defined by the condition
Here two pairs of real saddle points t mµ exist. The spectrum for this situation is illustrated by Fig. 4 (E el = 0.1 eV, I = 10 11 W/cm 2 , p = 0.0857, F/ω = 0.392). The classically allowed domain lies in the interval 7 ≤ m ≤ 32, with the four-saddle-point regime being operative for 7 ≤ m ≤ 17, and the two-saddle point regime for 18 ≤ m ≤ 32. The results of numerical calculations shown by circles suggest that the oscillations in |C m (p)| 2 or σ m (p) proceed with two different frequencies, the higher frequency being characteristic for the four-saddle-point domain. The plain semiclassical formula (3.4) (squares) essentially reproduces this structure. Of course, it is not designed for accurate description of a transition between the two-saddlepoint and four-saddle-point regimes where the deviations are seen to be larger. A special, more sophisticated treatment is required here, but such complications are not pursued in the present study as argued above. The non-standard situation emerges also at the left edge of the classically allowed interval where all saddle points simultaneously move from the real axis into the complex t plane. This transition region could not be described by a simple Airy-type pattern that is known to give a monotonous decrease in the classically forbidden domain; on the contrary, the numerical results reveal some structure in this region, see Fig.  4 . Bearing all this in mind it is not unexpected that the plain semiclassical approximation (3.4) essentially fails near the left border of the classically allowed domain.
It is worthwhile to mention also another region where the standard semiclassical approximation fails. Namely, for Ω = 0 the saddle point positions coincide with the poles of the functionφ (ǫ) a . The situation when an exact coincidence occurs is tractable rather easily [27] . Somewhat more effort is required to obtain uniform description of a transition between this case and a situation when the saddle point and the pole are well separated, as presumed in simple formula (3.4) . Again, such sophistication are beyond the scope of the present study.
At last, Fig. 5 shows a transient situation between the fast and slow electron regimes (E el = 1 eV, I = 10 11 W/cm 2 , p = 0.271, F/ω = 0.392). Here only two harmonics (m = 7, 8) correspond to the four-saddle-point regime. The remaining part of the classically-allowed domain, 9 ≤ m ≤ 56 corresponds to two-saddle-point regime. Most of the spectrum is well described by the plain saddle-point approximation (3.4) and covered by the envelope function (3.9), albeit the highest peak at m = 9 exceeds it, as being in the region of the transition between the two and four-saddle point regimes. Quite paradoxically, the lowfrequency classically forbidden region with well manifested structure exhibits much higher emission intensities as compared with the large-frequency edge of the classically allowed domain.
IV. CONCLUSION
As discussed in the Introduction, the LAR is one of the processes responsible for emission of high energy photons by the laser plasma. Surprisingly, it has not yet received attention of researchers. This is particularly unsatisfactory since the other processes leading to high energy photons (harmonic generation and laser stimulated bremsstrahlung) are currently under active scrutiny. The present paper could be considered as a first step to start filling this gap. The theory in many aspects is parallel to the treatment of multiphoton ionization (MPI) where the Keldysh approximation is known to provide an important insight and quantitatively reliable results. The origin of differences between MPI and LAR lies in the kinematics: in MPI process the allowed electron energy in the continuum are robustly defined by the parameters of the system (initial electron binding energy, laser field frequency and strength), whereas in the LAR the continuum electron energy is arbitrary. This rather trivial observation results in important consequences of physical character. They are particularly lucid in the adiabatic regime when laser frequency is sufficiently small. The ionization is a tunneling process for all above-threshold channels. On the contrary, in the LAR there is a domain of photon frequencies for which emission is allowed classically.
The Keldysh-type approximation allowed us to describe evolution of the LAR spectrum as the laser field varies, from the single line with only weak satellites in the low-field limit to the broad pattern of equidistantly spaced harmonics in the strong field case. In the adiabatic approximation (i.e. the saddle point method) the photon spectrum is subdivided into classically allowed and classically forbidden domains, with the line intensities being highest at the boundaries of the former region. Concerning the quantitative side of the problem, the adiabatic approach is less efficient for the LAR process as compared with the treatment of above threshold ionization (ATI). The reason is that in the latter case the saddle point method is well applicable in its most simple form, whereas for LAR process some technical complications emerge. The difference stems from the fact that ATI process always effectively occurs at complex-valued moments of time, whereas for LAR this is generally not the case, and several regimes could be operative with the transition regions between them. Albeit not drastic, these complications to our opinion hardly warrant necessary cumbersome analytical involvements, bearing in mind that the numerical calculations are quite simple and straightforward. Nevertheless the saddle point method remains very useful for understanding the intensity patterns in the emitted photon spectrum.
An additional assumption of the present study, that in principle could be easily abandoned, is the use of asymptotic expression (2.14) for the final bound state wave function. Again, in the LAR process the situation is less favorable for this approximation as compared with the ATI process. This is because, as discussed in detail earlier [27] , the long-range asymptote of the bound state wave function governs ATI amplitudes, whereas LAR process is more sensitive to the wave function behavior in the entire coordinate space.
As is pictured by Fig. 2 , the amount of noticeable lines in the photon spectrum increases with the laser field strength, but the intensity of each individual line decreases in average. The cross section of the electron transition into the bound state summed over all emitted photon channels is σ tot (p) = m>0 σ m (p). It exhibits only very weak dependence on the laser filed intensity I [28] . For instance, in the particular case of Fig. 2 [23] of the laser-assisted antihydrogen formation in positron-antiproton collisions employed Coulomb-Volkov wave function for the initial electron continuum state Φ p and the laser-perturbed wave function for the bound state. The authors considered only one-photon LAR process and concluded that the LAR cross section decreases for the stronger laser fields. The present results indicate that if the multiphoton processes are included, then the total LAR cross section is essentially independent on laser field intensity.
Thus the effect of a laser on the recombination process looks very straightforward. The total cross section of recombination essentially is not changed by a laser field, but is redistributed over equidistant pattern in photon spectrum that becomes broader as the laser intensity increases.
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